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ABSTRACT 

Unscheduled a b o r t  from t h e  l u n a r  s u r f a c e  t o  t a r g e t -  
o r b i t s  whose p lanes  do n o t  conta in  t h e  launch s i t e  i s  examined. 
Consequent plane-change p e n a l t i e s  are presented  g r a p h i c a l l y ,  
a long  wi th  t i m e  u n t i l  minimum (or ze ro )  pena l ty ,  as a func t ion  
of t a r g e t - o r b i t  i n c l i n a t i o n  and the  re la t ive  p o s i t i o n  of t h e  
launch s i t e .  The v a r i a t i o n  of t h i s  pena l ty  du r ing  a l u n a r  
month i s  a l s o  presented  f o r  s e v e r a l  l a t i t u d e s  and t a r g e t - o r b i t  
i n c l i n a t i o n s .  

For t h e  e n t i r e  range of l and ing- s i t e  l a t i t u d e s ,  and 
f o r  s p e c i f i c  t a r g e t  o rb i t s ,  t w o  s ingle- impulse plane-change 
AV's are determined -- t h e  maximum abort plane-change and t h e  
minimum (may be  zero)  descent  plane-change. ( T h e  abort i s  
assumed unscheduled and worst  case, t h e  descen t  i s  assumed 
scheduled and opt imal . )  The range of l a t i t u d e s  and t h e  
percentage  of t h e  luna r  su r face  accessible are presented  
as func t ions  of these t w o  plane-change AV's and t h e i r  sum. 
T h e  r e s u l t s  are extended by using a three- impulse plane- 
change wi th  a twelve-hour c o n s t r a i n t  on t h e  maneuver. The 
three-impulse maneuver shows a s u b s t a n t i a l  improvement f o r  
l a r g e  plane-changes. 

These graphs show the  r e l a t i v e  s u p e r i o r i t y  of 
p o l a r  and e q u a t o r i a l  t a r g e t - o r b i t s  fo r  h igh  and low s u r f a c e  
l a t i t u d e s  r e s p e c t i v e l y .  N o  such f avorab le  correspondence 
e x i s t s  between middle l a t i t u d e s  and midd le - inc l ina t ion  
t a r g e t - o r b i t s .  For example, a 45O l a t i t u d e  s i te  may re- 
q u i r e  a 7550 ft/sec single-impulse plane-change t o  g e t  
i n t o  a 45O i n c l i n a t i o n  orb i t ,  b u t  only 4100 f t / s e c  t o  g e t  
i n t o  an e q u a t o r i a l  o r  p o l a r  o r b i t .  
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INTRODUCTION 

Advanced luna r  missions may involve  s t a y  t i m e s  on 
t h e  luna r  s u r f a c e  of weeks or months. Consequently, when w e  
cons ider  t h e  p o s s i b i l i t y  of an a b o r t  from t h e  l u n a r  s u r f a c e  t o  
an o r b i t i n g  v e h i c l e  o r  luna r  o r b i t  s t a t i o n ,  w e  must cons ider  
t h a t ,  i n  gene ra l ,  t h e  launch s i t e  w i l l  n o t  be i n  t he  t a r g e t -  
o r b i t  plane.  I f  t h e  abor t  cannot be delayed u n t i l  t h e  launch 
s i te  r o t a t e s  i n t o  t h e  o r b i t  plane,  a s u b s t a n t i a l  AV pena l ty  
may be incu r red  i n  order t o  put t h e  abort  v e h i c l e  i n t o  t h e  
p lane  of t h e  t a r g e t - o r b i t .  

For t h i s  s tudy ,  a 60 NM c i r c u l a r  o r b i t  w a s  selected 
fo r  t h e  t a r g e t - o r b i t  and a 60 NM c i r c u l a r  o r b i t  w a s  a l so  selec- 
t e d  as the i n i t i a l  o r b i t  f o r  a v e h i c l e  a b o r t i n g  from the s u r f a c e .  
Two maneuvers w e r e  considered -- a single- impulse and a three- 
impulse plane-change. 
l u n a r  r o t a t i o n  t o  launch requirements i s  n e g l i g i b l e  ( e q u a t o r i a l  
r o t a t i o n a l  v e l o c i t y  2 15 f t / s e c )  launch AV i s  t r e a t e d  as a 
cons t an t  and m o s t  AV's discussed  i n  t h e  rest of t h i s  memo 
are plane-change AV's. I t  should be borne i n  mind t h a t  
a s c e n t  and descent  c h a r a c t e r i s t i c  veloci t ies  and any phasing 
AV's are t o  be added t o  plane-change AV's, as appropr i a t e  i n  
cons ider ing  o v e r a l l  requirements.  

Since the  r e l a t i v e  c o n t r i b u t i o n  of  t h e  

ANALYSIS 

I n  gene ra l ,  t h e  requi red  plane-change w i l l  vary  
w i t h  t a r g e t - o r b i t  i n c l i n a t i o n ,  launch s i t e  l a t i t u d e ,  and 
t i m e .  W e  f i r s t  cons ider  t h e  s ingle- impulse plane-change 
from one c i r c u l a r  o r b i t  t o  t h e  o t h e r .  

L e t  

I = i n c l i n a t i o n  of  t h e  s t a t i o n - o r b i t  

9 = l a t i t u d e  of t h e  launch s i t e  

T = days from minimum plane-change 
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Vc = c i r c u l a r  v e l o c i t y  a t  60 NM (5339 f t / s e c )  

A = l o n g i t u d i n a l  angle  from t h e  ascending 
node of t h e  s t a t i o n - o r b i t  t o  t h e  launch 
s i te ,  + i n  t h e  e a s t e r l y  d i r e c t i o n ,  - t o  
t h e  w e s t  

e = minimal arc on t h e  l u n a r  s u r f a c e  from 
t h e  launch s i te  t o  t h e  s t a t i o n - o r b i t  
trace 

6 = angle  be tween t w o  v e l o c i t y  v e c t o r s  

Whatever azimuth i s  selected f o r  t h e  launch, t h e  
abor t -orb i t  and t a r g e t - o r b i t  w i l l  have t w o  p o i n t s  of i n t e r -  
s e c t i o n ,  180° a p a r t .  A t  each i n t e r s e c t i o n ,  as i n  F igure  1, 
each o r b i t a l  v e l o c i t y  v e c t o r  has t h e  magnitude V C'  and t h e  

ang le  between them i s  t h e  same a t  both i n t e r s e c t i o n s .  I f  
t h a t  angle ,  6 > 9 0 ° ,  w e  could have launched i n  t h e  oppos i t e  
d i r e c t i o n  w i t h  e s s e n t i a l l y  t h e  same launch AV, changing 6 
t o  i t s  supplement, thereby reducing t h e  plane-change penal ty .  
There i s  t h e r e f o r e  never a need t o  cons ider  an abort plane- 
change > g o o .  The magnitude of the  d i f f e r e n c e  between t h e  t w o  
v e l o c i t y  vectors i s  given by 

2 2 2 
(AV) = 2Vc - 2Vc COS 6 

6 AV = 2V s i n  2 
C 

To minimize AV f o r  a given conf igu ra t ion  of launch 
s i t e  and s t a t i o n  o r b i t  a t  a given t i m e  w e  can see from (1) 
t h a t  w e  w i s h  t o  minimize t h e  magnitude of 6 .  In Figure  2 w e  
have t h e  t a r g e t - o r b i t  trace P I ,  an a r b i t r a r y  abort-orbi t  
trace L I ,  and t h e  m i n i m a l  a r c  from t h e  launch s i t e  L per- 
pend icu la r  t o  t h e  t a r g e t  o r b i t  trace a t  P. 

t r i a n g l e  r e l a t i o n s h i p s  i n  IPL  w e  can see t h a t  t a n  L I P  = sin Ip. 

L I P  i s  t h e  angle  6 i n  (l), and, s i n c e  PL is  cons tan t ,  t h e  
minimum of 6 occurs  when I P  = 9 0 ° .  With I P  and I P L  both  9 0 ° ,  
w e  have a two-right-angle t r i a n g l e .  Both P L I  and L I  are also 
90°, and t h e  a r c  LP which w e  have c a l l e d  8 has  t h e  same va lue  
as t h e  i n t e r c e p t  angle  6 .  A geometr ica l  symmetry i s  now ev i -  
d e n t  as can be seen  i n  Figure 3. 

From t h e  r i g h t -  
t a n  PL 

The t w o  arcs IJ are g r e a t  
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semi-circles and t h e  arc 8 i s  t h e i r  perpendicular  b i s e c t o r  a t  
L and a t  P. Thus t h e  problem of f i n d i n g  t h e  minimum AV (mini- 
mized over  launch azimuth, no t  t i m e )  depends on f i n d i n g  e ,  
t h e  arc  l eng th  from t h e  launch s i t e  t o  t h e  t a r g e t - o r b i t  p lane ,  
and (1) g ives  us 

( 2 )  
e AV = 2Vc s i n  - 2 

The symmetry i n  t h e  geometry of t h e  t w o  o r b i t  traces 
and t h e  n e g l i g i b l e  r o t a t i o n a l  v e l o c i t y  of the  l u n a r  s u r f a c e  
t e l l  us t h a t  i n  computing plane-change requirements  w e  do n o t  
need t o  concern ou r se lves  w i t h  t h e  d i r e c t i o n  of r o t a t i o n  i n  
t h e  o r b i t s .  Consequently, w e  w i l l  cons ider  on ly  pos igrade  
t a r g e t - o r b i t s .  

I n  Figure 4 w e  have a t y p i c a l  conf igu ra t ion .  A 
i s  t h e  launch s i te ,  B i s  t h e  p o s i t i o n  t h e  launch s i t e  w i l l  
occupy when it r o t a t e s  i n t o  the  t a r g e t - o r b i t  plane.  N i s  
t h e  no r th  po le  and E is  the ascending node of t h e  t a r g e t -  
o r b i t .  I n  o rde r  t o  determine t h e  plane-change AV r e q u i r e d ,  
w e  must compute t h e  arc A F  w h i c h  i s  perpendicular  t o  t h e  
t a r g e t - o r b i t  trace. 

Tr i ang le  DCE i s  a r i g h t  t r i a n g l e ,  and 

CE = - A  

CED = 1, 

and f r o m  r i g h t  t r i a n g l e  r e l a t i o n s h i p s  

s i n  CE = cot  CED t a n  DC 

o r  

s i n  ( - A )  = cot I t a n  DC 

or  

DC = a rc t an  [sin(-A) t a n  I ] .  

Also from r i g h t  t r i a n g l e  r e l a t i o n s h i p s  

cos EDC = cos CE s i n  CED 

or 

( 3 )  
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AFD is also a right triangle and 

FDA : EDC. 

From right triangle relationships, 

sin AF = sin FDA sin DA 

( 5 )  

Noting also that 

DA = DC + CA (7) 

CA = (9 

AF E e, 

(10) 
2 2 sine = 1-cos Xsin I sin[@-arctan(sinXtani) 1. 

We may then use (10) and ( 2 )  to compute the single-impulse 
plane-change AV for an unscheduled abort. 

We next wish to compute T, the time from minimum 
AV. In the case shown in Figure 4, that minimum will be zero, 
and will occur when the launch site will have moved from A to 
B. The angular equivalent of T is ANB. 

Since NE and NG are meridians of longitude and EG 
is the equator, the angle ENB will have the same value as the 
arc EG. The triangle BGE is a right triangle and 

GEB = I 

BG = (9 

so 
tan (9 sin EG = - tan I 

or 
ENB = arcsin (tan tan (9 I) 
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W e  now have t h e  t w o  components of t h e  angular  e q u i v a l e n t  of 
t i m e ,  - A  and ENB, and t h e  lunar  pe r iod  of 27.322 days is  t h e  
t i m e  equ iva len t  of 360O. W e  wish t o  have T i n c r e a s i n g  wi th  
t i m e .  
zero AV as i n  Figure 4, T would be nega t ive .  So w e  have 

T o  accomplish t h i s  w i t h  t h e  launch s i te  approaching 

T = -  2 7 * 3 2 2  (ENB-A) 360' 

or 

T =  27-32' 360' [A - a r c s i n  1-11 
and w e  can compute T wi th  ( 1 2 )  as long a s  I + [ C I .  - 

A s  w e  can see i n  Figure 4 ,  i f  + > I ,  t h e  launch s i t e  
I t  A would never ro ta te  i n t o  t h e  p lane  of t h e  t a r g e t - o r b i t .  

i s  a l s o  obvious i n  t h i s  case t h a t  t h e  arc 8 reaches  i t s  minimum 
when t h e  launch s i t e  has  r o t a t e d  90' ( l o n g i t u d i n a l  angle)  be- 
yond t h e  ascending node of t h e  t a r g e t - o r b i t ,  and t h a t  t h i s  

i s  s impler  
i n  t h i s  case. Analogous t o  (12), 

27.322 (A-900) 
360' T =  

minimum i s  g r e a t e r  than zero.  The computation of T 

( fo r  + ~ d  

Figure  4 shows t h e  launc,, s i t e  A a t  a la t , tude  $ < I ,  
and A i n  t h e  range, -90°<A<0. I t  can be shown t h a t  f o r  a l l  
p o s s i b i l i t i e s  i n  t h e  ranges -90'<A<90° and 0<+<90', equat ions  
(10) and ( 2 )  may s t i l l  be used t o  compute a s ingle- impulse AV, 
and e i t h e r  (13) o r  ( 1 2 )  used f o r  T as 4 i s  g r e a t e r  of less 
than  I .  This s t i l l  covers only one quadrant  of t h e  l u n a r  
s u r f a c e .  However, f o r  any po in t  on t h e  l u n a r  s u r f a c e  which 
is  o u t s i d e  of t h e  quadrant  analyzed, w e  can f i n d  a corres- 
ponding p o i n t  i n s i d e  t h a t  quadrant which has t h e  i d e n t i c a l  
geometr ica l  r e l a t i o n s h i p  t o  the  parking o r b i t  as t h e  p o i n t  
o u t s i d e  does. Thus w e  have a l l  w e  need t o  compute a s i n g l e -  
impulse AV and T f o r  t h e  e n t i r e  l u n a r  s u r f a c e  and f o r  any 
i n c l i n a t i o n  t a r g e t - o r b i t .  

- -  - -  
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The total AV required to effect a given plane-change 
can be reduced below that required for a single impulse by 
using multiple impulse maneuvers. No general n-impulse opti- 
mization was performed for this study, but a family of three- 
impulse maneuvers was examined. These maneuvers consisted of 
ellipticizing the initial circular abort-orbit, rotating the 
orbital plane at apoapsis, and re-circularizing at periapsis. 

The period of the intermediate ellipse was varied 
from 3 hours to 24 hours giving the family of curves in Figure 
5. 

theoretical bound on the family of ellipses. It can be seen 
from Figure 5 that there is some value of the required plane- 
change, below which the single-impulse is the better maneuver. 
We can find this critical value of e by equating the single- 
impulse AV and the sum of the three-impulse'Av's and examining 
0 as the ellipticizing AV approaches zero. 

The parabola at 4425 ft/sec (AVescape - - vC (Jz -1)) is a 

Let 

1: = periapsis radius 

a = semi-major axis 
P 

e The single-impulse AV is 2Vc sin - as given by (2); the ellip- 

ticizing and recircularizing AV's are each V 

2 

C 

and the rotational AV at apoapsis is 2~crp q q  sin i! 2 -  
2a-r 

P 
This gives us 

2V sin - - C 2 

e 2V r r 
3 $2 - 1 sin z 2a-r a P 



BELLCOMM. INC. 

which s i m p l i f i e s  t o  

- 7 -  

s i n  

r 
y2-f-1 

A s  t h e  e l l i p t i c i z i n g  AV approaches 0 ,  a approaches r and by 
applying L 'Hosp i t a l ' s  r u l e ,  w e  g e t  P' 

The corresponding va lue  of AV from ( 2 )  is  3559 f t / s e c ,  i . e . ,  
s ingle- impulse plane-change A V ' s  >3559 f t / s e c  can be  reduced 
by us ing  a three-impulse maneuver. 

GRAPHICAL PRESENTATION OF T and AV 

Figures  6 and 7 show T and s ingle- impulse  AV contours  
f o r  t h e  e n t i r e  l u n a r  s u r f a c e  f o r  t a r g e t - o r b i t s  of 30' and 60' 
i n c l i n a t i o n  r e s p e c t i v e l y .  Note t h a t  t h e  l i n e  T = 0 is a l s o  
t h e  t a r g e t - o r b i t  trace and t h e  AV = 0 contour.  The AV con- 
t o u r s  5339 on Figure 6 and 2764 on F igure  7 a lso  i d e n t i f y  t h e  
va lues  of AV a t  t h e  l u n a r  poles .  These a r e  of course  indepen- 
d e n t  of t i m e .  The i r  va lues  a r e  
8 = 90' - I i n t o  ( 2 )  g iv ing  AVpolar 

The maximum va lue  t h a t  a s ingle- impulse AV can 
reach i s  independent of t a r g e t - o r b i t  i n c l i n a t i o n ,  and occurs  
w i t h  a 90° plane-change. Consequently, by s u b s t i t u t i n g  8 = 
90° i n t o  ( 2 ) ,  w e  g e t  AVmax = 

occurs  a t  t w o  p o i n t s ,  (A,$) = (-goo, 90°-I) and (+goo, -90°  
+ I )  which a r e  t h e  po le s  of t h e  t a r g e t - o r b i t .  Note a l s o  t h a t  
T i s  s igned.  Negative values  i n d i c a t e  t h a t  w e  are approaching 
minimum AV, p o s i t i v e  va lues  i n d i c a t e  days beyond t h e  minimum. 
A s  w e  pass  through A = + g o o ,  both  t h e  opt imal  launch d i r e c t i o n  
and t h e  s i g n  of T r eve r se .  

Vc = 7550 f t / s e c .  This  
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When I = O o ,  AV i s  independent of t i m e  and is  a 
func t ion  only of l a t i t u d e .  A s  can be seen  from (lo), when 
I = O o ,  8 = 4 .  Figure 8 shows AV as a func t ion  of + f o r  
I = Oo. T o  show the  improvement t h a t  t h e  three-impulse 
maneuver can e f f e c t  f o r  plane-changes > 38O, a 12-hour 
c o n s t r a i n t  w a s  a r b i t r a r i l y  s e l e c t e d  and the r e s u l t s  p l o t t e d  
on Figure  8 as t h e  d o t t e d  ex tens ion  of the s ingle- impulse 
AV curve.  

The p o l a r  t a r g e t - o r b i t  ( I  = 90') i n t roduces  a 
symmetry i n  the  magnitude of AV about t h e  l i n e  A = 0 .  This  
can b e s t  be seen by v i s u a l i z i n g  t h e  o r b i t  p lane  pe rpend icu la r  
t o  the l u n a r  equa to r  w i th  t h e  ascending node d e f i n i n g  A = 0 .  
I t  can a lso be seen  by examining ( 1 0 )  and ( 2 ) .  The magnitudes 
of bo th  factors of ( 1 0 )  are, i n  g e n e r a l ,  asymmetric func t ions  
of A .  However, when I = 90°, they are both  symmetric func t ions  
of A .  T h i s  establishes t h e  magnitude of 8 as a symmetric 
func t ion  of A ,  and ( 2 )  shows t h a t  t h i s  symmetry extends t o  AV. 
When I = 90' w e  can see i n  ( 1 2 )  t h a t  T i s  d i r e c t l y  p r o p o r t i o n a l  
t o  A .  These cons ide ra t ions  permit t h e  r e p r e s e n t a t i o n  of AV i n  
F igure  9 w i t h  A and T merely as  2 d i f f e r e n t  scales on t h e  ab- 
s c i s s a .  I n  F igure  9 ,  A ranges from O o  t o  180° and + from 0' 
t o  90°. With a change of s i g n  of A ,  t h e r e  i s  no change i n  
AV, only the s i g n  of T changes. AV and T are unchanged w i t h  
a change i n  s i g n  of  4 .  

Figures  6 ,  7 ,  and 9 a l l  refer t o  s ingle- impulse 
plane-changes. However, the  reg ions  i n  which AV can be 
'reduced by us ing  t h e  three-impulse maneuver p rev ious ly  
described have been ind ica t ed .  AV contours  f o r  3559 ft/sec 
have been p l o t t e d  w i t h  perpendicular  ha tch  markings. The 
d i r e c t i o n s  i n  which t h e s e  markings p o i n t  i n d i c a t e  t h e  re- 
g ions  where AV can be reduced by us ing  t h e  family of three- 
impulse curves i n  Figure 5. 

ABORT AV VARIATION WITH TIME 

Figure  10-12 show t ime-h i s to r i e s  of abort  AV f o r  
s e v e r a l  l a t i t u d e s  and f o r  t a r g e t - o r b i t  i n c l i n a t i o n s  of 30°, 
60°, and 90' r e s p e c t i v e l y .  T h e  s o l i d  l i n e s  i n d i c a t e  s i n g l e -  
impulse va lues ,  and t h e  dashed ex tens ions  i n d i c a t e  t h e  va lues  
de r ived  from t h e  three-impulse maneuver w i t h  the 12-hour 
c o n s t r a i n t .  
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DESCENT PLANE-CHANGE PENALTY 

W e  nex t  cons ider  a s ing le - s t age  v e h i c l e  which 
descends t o  t h e  l u n a r  s u r f a c e  from a l u n a r  o r b i t  space s t a t i o n  
and then  must ascend t o  t h a t  same o rb i t .  I f  t h e  magnitude o f  
t h e  l a t i t u d e  of t h e  landing  s i t e  i s  greater than  t h e  i n c l i n a -  
t i o n  of  t h e  s t a t i o n - o r b i t ,  t h e r e  w i l l  be a descen t  plane-change 
pena l ty  t o  cons ider  i n  add i t ion  t o  t h e  unscheduled abort  plane- 
change pena l ty  (p lus  t h e  cons tan t  in-plane descen t  and a s c e n t  
requi rements ) .  W e  assume t h a t  t h e  d e s c e n t  maneuver is  scheduled,  
and t h a t  t h e  p lane  change is  minimal and i s  ze ro  i f  4 - < I. 

Two g r e a t  circles achieve t h e i r  maximum s e p a r a t i o n  
midway between t h e i r  i n t e r s e c t i o n s ,  and t h e  arc length  of 
t h i s  s e p a r a t i o n  has  t h e  same value as t h e  angle  between them 
a t  t h e  i n t e r s e c t i o n s .  Therefore,  t h e  t a r g e t - o r b i t  w i l l  reach 
i t s  h i g h e s t  l a t i t u d e  90° beyond i t s  ascending node, and t h e  
va lue  of t h e  h i g h e s t  l a t i t u d e  w i l l  be I ,  the  i n c l i n a t i o n  of 
t h e  t a r g e t - o r b i t .  T h i s  can be seen  i n  F igure  13. When 41 > I ,  
a descent  plane-change w i l l  be r equ i r ed .  The r equ i r ed  separa-  
t i o n  of descent  and t a r g e t - o r b i t s  i n  t h i s  case is  4 - I and 
t o  achieve it w i t h  a minimal plane-change, t he  impulse must 
be given 9 0 °  befo re  t h e  maximum l a t i t u d e  i s  reached,  i . e . ,  
a t  t h e  ascending node. S imi l a r ly  t o  t h e  development of ( 2 )  
t h e  descen t  plane-change is  then given by 

4 - 1  AV = 2Vc s i n  - 2 

The curves i n  Figure 5 could a l s o  be used t o  determine a 
reduced three-impulse AV i f  a descen t  plane-change > 3 8 O  
w e r e  des i r ed .  

MAXIMUM VALUE O F  AV 

T o  determine the maximum va lues  f o r  s ingle- impulse 
unscheduled abort  plane-change AV, w e  re-examine equat ions  
( 2 )  and ( 1 0 ) .  S ince  w e  need never c o n s i d y  9 o u t s i d e  of t h e  
range ( O O ,  g o o ) ,  w e  can see from ( 2 )  t h a t  A t 7  reaches a maxi- 
mum when 8 reaches a maximum. This w i l l  occur  when t h e  r i g h t  
hand m e m b e r  of ( 1 0 )  reaches maximum magnitude. For any va lues  
of 4 and I ,  t h e  f i r s t  f a c t o r  of ( 1 0 )  a t t a i n s  i t s  maximum when 
h = + 9 0 ° ,  and t h e  secand f a c t o r  a t t a i n s  i t s  m a x i m u m  h = - 9 O O .  
So s r n e ,  and AV are maximal when h = -90'. 
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When X = - g o o ,  

- 10 - 

s i n e  = s i n [ $  + a r c t a n  ( t a n  I ) ]  

So, f o r  a given I ,  t he  maximum abort  AV w i l l  occur  
when h = - g o o ,  8 = 90' and 9 = 90' - I. This  p o i n t  is  a po le  

I f  
of t h e  t a r g e t - o r b i t .  For l a t i t u d e s  o t h e r  than  4 = 90°  - 
the  maximum abort AV f o r  t h a t  l a t i t u d e  w i l l  be  less seve re ,  
and i s  obta ined  by s u b s t i t u t i n g  ( 1 6 )  i n t o  ( 2 )  g i v i n g  

(17) o+ I AV = 2Vc s i n  - 2 

When $ > ( 9 0 °  - I ) ,  ( 9  + 1 ) > 9 0 O ,  which would mean us ing  (17) wi th  
a plane-change g r e a t e r  than  90°. However, it w a s  e s t a b l i s h e d  
i n  developing (1) t h a t  a plane-change >90° is  never necessary.  
W e  simply r eve r se  t h e  d i r e c t i o n  of t h e  launch. This  g ives  us 
an i n t e r c e p t  angle  which i s  t h e  supplement of t h e  o r i g i n a l .  
So i n  computing wi th  (17)  w e  u s e  $I + I o r  180° - ( 4  + I), 
whichever i s  t h e  smaller. Using (17)  f o r  computation of t h e  
maximum abort plane-change AV and (15) f o r  t h e  descen t  plane- 
change AV w e  have i n  F igures  14-21 both  a s c e n t  and descent  
plane-change AV's and t h e i r  to ta l s  r equ i r ed  fo r  a s i n g l e - s t a g e  
vehicle descending from and ascending t o  t h e  same t a r g e t - o r b i t .  
The s o l i d  l i n e s  i n d i c a t e  values  der ived  from single- impulse 
AV's; t h e  dashed ex tens ions  a r e  from three-impulse maneuvers 
w i t h  a 12-hour c o n s t r a i n t .  

PORTIONS OF SURFACE ACCESSIBLE 

Figures  1 4 - 2 1  show t h e  r e l a t i o n s h i p  between t w o  
plane-change AV's and l a t i t u d e .  The first AV i s  t h e  plane- 
change f o r  an unscheduled abor t  f r o m  t h e  l u n a r  s u r f a c e .  I t  
i s  a w o r s t  case va lue  and i s  given by ( 1 7 ) .  The second AV 
i s  f o r  a descent  plane-change. I t  r e l a t e s  t o  a scheduled 
maneuver; it i s  t h e  optimum value wi th in  t h e  given c o n s t r a i n t s ;  
and it is  zero fo r  a l l  values  of $ < I .  The sum of t h e  two AV's 
i s  presented  and t h e  sum can be usgd t o  relate a given t o t a l  
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plane-change AV c a p a b i l i t y  t o  a c c e s s i b i l i t y  of l a t i t u d i n a l  
zones on t h e  l u n a r  su r face .  The s o l i d  l i n e s  r e p r e s e n t  
s ingle- impulse maneuvers, and t h e  dashed ex tens ions  repre-  
s e n t  three-impulse maneuvers with a twelve-hour c o n s t r a i n t .  

For example, i n  Figure 1 9  wi th  I = 70°, a t o t a l  
s ingle- impulse plane-change c a p a b i l i t y  of 5000 f t / s e c  would 
allow us t o  reach l a t i t u d e s  from 54' t o  90'. A c a p a b i l i t y  
of 7000 f t / s e c  would a l l o w  us t o  reach t w o  zones -- l a t i t u d e s  
f r o m  0' t o  1 2 '  and 28' t o  90'. 

The f r a c t i o n s  of t he  l u n a r  s u r f a c e  i n  the  a c c e s s i b l e  
zones as j u s t  descr ibed  have been used t o  compute t h e  curves 
i n  F igures  2 2  and 23. These p re sen t  percentage of l u n a r  
s u r f a c e  accessible as a func t ion  of t o t a l  plane-change AV 
c a p a b i l i t y  fo r  s t a t i o n - o r b i t  i n c l i n a t i o n s  from 0' t o  90'. 

CONCLUSIONS 

As can be seen on Figures  6 through 9 ,  the  maximum 
single- impulse a b o r t  plane-change AV eve r  r equ i r ed  i s  7550 
ft/sec. This i s  a 90' plane-change, and r e g a r d l e s s  of s t a t i o n -  
o r b i t  i n c l i n a t i o n ,  t h e r e  a r e  always t w o  such p o i n t s  on t h e  
l u n a r  su r face .  They are the t w o  po le s  of t h e  t a r g e t - o r b i t  
trace. 

For plane-changes <38', t h e r e  i s  no p o i n t  i n  us ing  
t h e  three-impulse maneuver. However, as t h e  plane-change 
requirement i n c r e a s e s  beyond 38', as could occur  i n  an un- 
scheduled abort ,  t h e  usefu lness  of t h e  three-impulse maneuver 
i n c r e a s e s  r a p i d l y  -- p a r t i c u l a r l y  as more t i m e  is  allowed f o r  
t h e  maneuver. 

Within t h e  con tex t  of F igures  14 through 23 (un- 
scheduled abort  AV p l u s  landing plane-change AV) t h e r e  i s  
no good "un ive r sa l "  s t a t i o n - o r b i t .  The l o w  l a t i t u d e s  are 
b e s t  se rved  by a low- inc l ina t ion  o r  an e q u a t o r i a l  s t a t i o n -  
o r b i t  s i n c e  t h e  maximum abort AV i n c r e a s e s  as s t a t i o n - o r b i t  
i n c l i n a t i o n  i s  increased .  The high l a t i t u d e s ,  on t h e  o t h e r  
hand, show a s t e a d i l y  decreasing t o t a l  AV requirement as 
s t a t i o n - o r b i t  i n c l i n a t i o n  i s  inc reased  t o  90'. 

The middle l a t i t u d e s  and o r b i t s  p r e s e n t  a d i f f e r e n t  
s i t u a t i o n .  For example, a 45' l a t i t u d e  s i t e  could r e q u i r e  a 
7550 f t / s e c  s ingle- impulse plane-change t o  g e t  i n t o  a 45' 
i n c l i n a t i o n  o r b i t .  The maximum abort  AV decreases  from 7550 
ft /sec t o  4100 f t / s e c  as the  s t a t i o n - o r b i t  i n c l i n a t i o n  i s  
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either lowered to O o  or increased to 90°. The equatorial 
orbit, however, imposes a descent plane-change requirement 
of an additional 4100 ft/sec making a polar orbit a better 
choice f o r  a 45O latitude site. 

For a plane-change AV capability of somewhat less 
than 5000 ft/sec the entire lunar surface is available to 
high inclination ( Q  60-90') orbits if three-impulse maneuvers 
are used. 
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